On Distribution of Solutions ofS-Unit Equations  by Poe, Milja
File: 641J 204601 . By:CV . Date:06:02:97 . Time:11:12 LOP8M. V8.0. Page 01:01
Codes: 3509 Signs: 1557 . Length: 50 pic 3 pts, 212 mm
Journal of Number Theory  NT2046
journal of number theory 62, 221241 (1997)
On Distribution of Solutions of S-Unit Equations
Milja Poe*
Department of Mathematics, Harvard University, Cambridge, Massachusetts 02138
We find that the solutions of S-unit equations are distributed inside a set of small
‘‘boxes.’’  1997 Academic Press
1. INTRODUCTION
Let K be an algebraic number field of degree d, with discriminant DK
and OK the ring of integers of K. Let S be a finite set of places of K containing
the infinite places. We denote by s the cardinality of S. Let US be the
multiplicative group of S-units.
Definition 1.
US=[x # K | |x| v=1 if v  S]. (1)
For the rest of this paper we shall be dealing with the S-unit equation
:x+;y=#, (2)
where x, y # US and :, ;, # # K*. Siegel proved that (2) has a finite number
of solutions in case S consists only of places at infinity, Mahler did the
extension to include p-adic values by proving the analog of the ThueSiegel
theorem in diophantine approximations for p-adic absolute values. Later
Evertse [Ev] gave a much sharper bound for the number of solutions of
this equation.
We are interested of the special case when K is the field of rational
numbers. Let us divide the finite primes of S into three sets of distinct
primes: S1=[ p1 , p2 , ..., pl], S2=[ pl+1 , pl+2 , ..., pr] and S3=[ pr+1 ,
pt+2 , ..., ps]. We would like to understand how the solutions of
:x+;y=#z (3)
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are distributed. Here x is a positive integer that is divisible by only the
primes from S1 , but we require that it is divisible by every prime from S1
at least once. In the same manner, y and z will be integers divisible by the
primes of S2 and S3 correspondingly. We assume that :, ; and # are
rational integers relatively prime to the primes of S.
Let us rewrite equation (3) as
:pa11 p
a2
2 } } } p
al
l +;p
al+1
l+1 } } } p
ar
r =#p
ar+1
r+1 } } } p
as
s , (4)
where now the solutions are exponent vectors (a1 , a2 , } } } , as) consisting of
positive integers. Now we have:
Theorem 1. Assume that 2  S. Let K be the set of exponent vectors
consisting of positive integers that satisfy (4) and B a box of solutions of
equation (4) defined by
B=[(a1 , a2 , ..., as) # K | ai1, ai&amini<M for i=1, 2, ..., s]. (5)
Here amini is the smallest exponent corresponding to the i-th prime that
occurs in the set K.
Let us assume that M>s. We find that the solutions inside B are distributed
in the following manner. Each solution in B either lies inside a smaller
‘‘derived ’’ box B$, where
B$=[(a1 , a2 , ..., as) # K,
ai&amin i<s(s&1) log(sM)log pi for i=1, ..., l, (6)
ai&amin i<s(s&r+l ) log(sM)log pi for i=l+1, ..., r,
ai&amin i<sr log(sM)log pi for i=r+1, ..., s],
or is one of the at most ss solutions that lie outside of B$.
If 2 # S, we have to consider the set of solutions where prime 2 occurs
with exponent 1 separately from the other solutions. The above conclusions
hold separately for both sets.
We also have:
Theorem 2. Assume that 2  S. Let K be the set of exponent vectors con-
sisting of positive integers that satisfy (4) and B a box of solutions of equa-
tion (4) defined by
B=[(a1 , a2 , ..., as) | ai1, ai&amini<M for i=1, 2, ..., s]. (7)
Here amini is the smallest exponent corresponding to the i-th prime that
occurs in the set K.
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Let us assume that M>s. Also assume that (s&l )=min(s&l, s&r+l, r).
If this is not the case, then the intervals below have to be rearranged
correspondingly. We find that the solutions inside B are distributed in the
following manner. Each solution in B either lies inside a smaller ‘‘derived ’’
box B", where
B"=[(a1 , a2 , ..., as) # K,
ai&amin i<s(s&l ) log(sM)log pi for i=1, ..., l, (8)
ai&amin i<s
3 log(sM)log pi for i=l+1, ..., r,
ai&amini<s
3 log(sM)log pi for i=r+1, ..., s],
or is one of the at most smin(s&l, s&r+l, r)+1 solutions that lie outside of B".
If 2 # S, we have to consider the set of solutions where the prime 2 occurs
with exponent 1 separately from the other solutions. The above conclusions
hold separately for both sets.
In this paper we will also find the following polynomial upper bound in
s for a special case of equation (4), but our bound also depends weakly on
the largest prime in the set S.
Corollary 1. Let S=[ p1 , p2 , ..., ps] be a set of s different fixed and
rational prime numbers. The number of solutions of
pa 11 = p
a2
2 + p
a 3
3 } } } p
as
s , (9)
where a1 , a2 , ..., as are positive integers, is at most
600s2 max[log s, 5]2+5ns2.
Here n is the smallest positive integer such that log log } } } log max[8000, s2,
log P]max[60, s], where the logarithm is taken n&2 times and P is the
largest prime in S.
To prove this corollary we use Gyo ry’s theorem on bounding the sizes
of the solutions, and properties of s-dimensional linear vector spaces. It is
in this latter part that the requirement of the positive exponents becomes
necessary. These methods do not eliminate the dependency on P.
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Notice that the following proof can be used virtually unchanged to give
the same upper bound with slightly different constants for the slightly more
general equation
:pa11 =;p
a2
2 +#p
a3
3 } } } p
as
s , (10)
if :, ; and # are not divisible by any of the primes from the set S.
2. BASIC INEQUALITIES
In this section we will do some preliminary calculations to understand
the distribution of solutions of the following equation:
Let l, r, s be integers such that 1l<r<s. Let p1 , p2 , p3 , ..., ps be s
fixed and distinct rational prime numbers. Let :, ; and # be fixed positive
integers not divisible by p1 , p2 , p3 , . . . or ps . Let a1 , a2 , a3 , ..., as be
variables, we require that they are positive (>0) integers. Our goal is to
understand how the solutions (a1 , a2 , ..., as) of
:pa11 p
a2
2 } } } p
al
l +;p
al+1
l+1 } } } p
ar
r =#p
ar+1
r+1 } } } p
as
s . (11)
are distributed. We want to express this in terms of s and P, where P is
max[ p1 , p2 , ..., ps].
Let us index the solutions of (11) by i, the i th solution being (ai1 , ..., ais).
Thus
:pai 11 p
a i 2
2 } } } p
ai l
l +;p
a i, l+1
l+1 } } } p
air
r =#p
a i, r+1
r+1 } } } p
a is
s . (12)
Definition 2. For the i th solution of equation (11) we put
ui= pai 11 p
ai 2
2 p
ai 3
3 } } } p
ail
l (13)
vi= pai, l+1l+1 p
ai, l+2
l+2 p
ai, l+3
l+3 } } } p
air
r (14)
wi= pai, r+1r+1 p
ai, r+2
r+2 p
ai, r+3
r+3 } } } p
a is
s . (15)
Now we can rewrite equation (12) as
:ui+;vi=#wi . (16)
For any s&l+2 solutions we can find s&l+2 integers c1 , c2 ,
c3 , ..., cs&l+2 , not all zero, such that
:
s&l+2
i=1
ci (1, ai, l+1 , ai, l+2 , ai, l+3, ..., ais)=0. (17)
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This is because any s&l+2 vectors in a s&l+1-dimensional vector space
are linearly dependent.
Now we can rewrite equation (17) as
:
s&l+2
i=1
ci=0 (18)
vc 11 v
c2
2 v
c 3
3 } } } v
c s+2
s+2=1 (19)
wc11 w
c 2
2 w
c3
3 } } } w
c s+2
s+2=1. (20)
This can be readily seen by writing out the exponents for each of the
primes pl+1, pl+2, pl+3, ..., ps .
Definition 3. The sum
:
n
i=1
ci (bi1 , bi2 , bi3 , ..., bik)=0, (21)
where all the ci ’s are integers, is called minimal iff the ci ’s are non-zero and
relatively prime and no nontrivial linear combination of just n&1 vectors
(bi1 , bi2 , bi3 , ..., bik) vanishes.
The following two approximations are the basis for our calculations.
Proposition 1. For any n solutions of (11) numbered by i=1, 2, ..., n for
which there exists integers ci for i=1, 2, ..., n such that
:
n
i=1
ci (1, ai, l+1 , ai, l+2 , ai, l+3, ..., ais)=0 (22)
is minimal and |ai, j&ak, j |<M for all i, k=1, 2, ..., n and j=l+1,
l+2, ..., s we have
|ci |<((s&l )((s&l)!) Ms&l)s&l (23)
for all i=1, 2, ..., n. If the solutions are ordered in increasing order with
respect to the exponents of prime pm , m=1, 2, ..., l, then
a2, m&a1, m<(s&l )(log(s&l )+log M)log pm . (24)
Proof of Proposition 1. Let us assume that equation (17) is minimal. If
the minimal linear combination has less than s&l+2 vectors all the above
bounds will hold since we will be approximating a square matrix of lower
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dimension. Let us prove the proposition for prime p1 . We can rewrite
equation (17) as
:
s&l+1
i=1
ci (ai, l+1&as&l+2, l+1 , ai, l+2&as&l+2, l+2, ai, l+3
&as&l+2, l+3 , ..., ais&as&l+2, s)=0. (25)
This we can rewrite as
\
a2, l+1&as&l+2, l+1
a2, l+2&as&l+2, l+2
} } }
a2, s&as&l+2, s
a3, l+1&as&l+2, l+1
a3, l+2&as&l+2, l+2
} } }
a3, s&as&l+2, s
} } }
} } }
} } }
} } }
as&l+1, l+1&as&l+2, l+1
as&l+1, l+2&as&l+2, l+2
} } }
as&l+1, s&as&l+2, s +
_\
c2
c3
} } }
cs+1+=&c1 \
a1, l+1&as&l+2, l+1
a1, l+2&as&l+2, l+2
} } }
a1, s&as&l+2, s + . (26)
Let
A=\
a2, l+1&as&l+2, l+1
a2, l+2&as&l+2, l+2
} } }
a2, s&as&l+2, s
a3, l+1&as&l+2, l+1
a3, l+2&as&l+2, l+2
} } }
a3, s&as&l+2, s
} } }
} } }
} } }
} } }
as&l+1, l+1&as&l+2, l+1
as&l+1, l+2&as&l+2, l+2
} } }
as&l+1, s&as&l+2, s + .
(27)
Now we have
\
c2
c3
} } }
cs&l+1+=&c1A&1 \
a1, l+1&as&l+2, l+1
a1, l+2&as&l+2, l+2
} } }
a1, s&as&l+2, s + . (28)
Matrix A has an inverse since equation (17) is minimal.
From equation (28) we can approximate the sizes of the ci ’s by the sizes
of the aij ’s.
Let us now look at equation (28) again. It can be written as
\
c2
c3
} } }
cs&l+1+=&c1 [minors]det A \
a1, l+1&as&l+2, l+1
a1, l+2&as&l+2, l+2
} } }
a1, s&as&l+2, s + . (29)
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Since |ai, j&ak, j |<M we get easily that
numerator(ci c1)<(s&l )((s&l )!) M s&l. (30)
Since our ordering of the solutions was random we get
numerator(ci cj)<(s&l )((s&l )!) Ms&l (31)
for any i, j=1, 2, ..., s&l+2.
We temporarily order the solutions so that c1 , c2 , c3 , ..., cn0 and cn+1 ,
cn+2 , ..., cs+1<0. We can rewrite the equation (20) as
(:u1+;v1)c 1 } } } (:un+;vn)cn
=(:un+1+;vn+1)&c n+1 } } } (:us&l+2+;vs&l+2)&c s&l+2. (32)
Now we will expand this equation and look at it in terms of increasing
exponents of p1 . We assume now that either p1 {2 or p=2 and the
coordinate in the solution of (11) that corresponds to p1 is at least 2.
We can rewrite the above equation as
c1
u1
v1
+c2
u2
v2
+ } } } +cs+1
us+1
vs+1
+
c1(c1&1)
2 \
u1
v1+
2
(:;)+ } } }
+c1c2
u1
v1
u2
v2
(:;)+ } } } =0. (33)
Now we can forget about the previous ordering of the solutions of the
equation (11). Let us reorder the solutions so that a11a21a31 } } } .
Now we can immediately see from the above equation (33) that
pa21&a111 | c1 . (34)
Because of the way we ordered solutions, not all c2 , c3 , ..., cs&l+2 can be
divisible by p1 . In particular assume that cj is not divisible by p1 . Then
pa21&a111 | numerator(c1 cj). (35)
And so we have, by equation (31)
a21&a11<(s&l )(log(s&l )+log M)log p1 . (36)
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3. BOXES
In this section we will study how the solutions of equation (11) are
distributed. We will divide the set of solutions of (11) into smaller sets,
which we call boxes. By approximating the number of boxes that contain
solutions and by approximating the number of boxes that contain solutions
and by approximating the number of solutions inside a box we derive
Theorem 1 and Theorem 2.
Definition 4. To every solution (a1 , ..., as) of (11) we associate the
augmented solution (1, a1 , a2 , ..., as). As before we assume that all ai1 for
i=1, 2, ..., s.
Let K be the set of all such augmented solutions corresponding to
solutions of (11) if 2  S.
If 2 # S we divide the set of these augmented solutions into two subsets.
Let K be the subset of augmented solutions whose coordinate corresponding
to prime 2 is greater or equal to 2, and let K$ be the set of solutions whose
coordinate corresponding to prime 2 is equal to 1.
From now on we will only study the set K, since K$ is only a special case
of the set K if we think of the prime 2 in the appropriate constant :, ;
or #.
Theorem 1. Let B be a box of augmented solutions defined by
B=[(1, a1 , a2 , ..., as) # K | ai&amini<M for i=1, ..., s]. (37)
Here for i=1, ..., s, amini is the smallest among all exponents corresponding
to pi that occur in an augmented solution in K.
Let us assume that M>s. We find that the augmented solutions inside B
are distributed in the following manner. Each augmented solution of B lies
either inside a smaller ‘‘derived ’’ box B$, where
B$=[(1, a1 , a2 , ..., as) # K,
ai&amin i<s(s&l ) log(sM)log pi for i=1, ..., l, (38)
ai&amin i<s(s&r+l ) log(sM)log pi for i=l+1, ..., r,
ai&amin i<sr log(sM)log pi for i=r+1, ..., s],
or in a tiny box. There are at most ss tiny boxes, each of which contain at
most one vector from K.
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The following diagram illustrates Theorem 1.
x1=\amin1+s(s&l ) log(sM)log p1 , amin 2 , amin 3+
x2=\amin1 , amin2+s(s&l ) log(sM)log p2 , amin 3+
x3=\amin1 , amin2 , amin3+s(s&l ) log(sM)log p3 + .
The above proposition shows that even though we initially know only
that the coordinates of the solution vectors are bounded by M, we can
conclude that except for at most ss solutions, they all lie inside the small
box shown above. The figure is a projection to the axes corresponding to
the first three primes. In drawing this picture we assumed that l3.
A slightly different point of view gives us Theorem 2. Here we enlarge the
smaller box B$ and thus get less solutions outside it.
Theorem 2. Let B be a box of augmented solutions defined by
B=[(1, a1 , a2 , ..., as) # K | ai&amini<M for i=1, ..., s]. (39)
Here for i=1, ..., s, amini is the smallest among all exponents corresponding
to pi that occur in an augmented solution in K.
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Let us assume that M>s. Also assume that (s&l )=min(s&l, s&r+l, r).
If this is not the case, then the intervals below have to be rearranged corre-
spondingly. We find that the augmented solutions inside B are distributed in
the following manner. Each augmented solution of B lies either inside a
smaller ‘‘derived ’’ box B", where
B"=[(1, a1 , a2 , ..., as) # K,
ai&amin i<s(s&l ) log(sM)log pi for i=1, ..., l,
(40)
ai&amin i<s
3 log(sM)log pi for i=l+1, ..., r,
ai&amin i<s
3 log(sM)log pi for i=r+1, ..., s],
or in a tiny box. There are at most smin(s&l, s&r+l, r)+1 tiny boxes, each of
which contain at most one vector from K.
Let us try to understand better how the set B looks like: First we study
the first l primes, i.e., assume that k=1, 2, ..., l. We have a collection of
vectors (1, ai, l+1, ai, l+2 , ai, l+3 , ..., ais) such that if we take a linear
combination of any number of them and look at the vectors that actually
occur (occur with a non-zero coefficient) in this combination, we know
that the two lowest coordinates corresponding to the k-th prime differ by
less than (s&l )(log M+log(s&l ))log pk in view of (36).
Let us look at the possible values of coordinates in a column corre-
sponding to a prime pk . Let us say that the lowest coordinate in this
column in B is bk, 1 . Define bk, 2 to be the lowest coordinate in B correspond-
ing to prime pk , such that if we look at all the vectors (1, ai, l+1 , ai, l+2 ,
ai, l+3, ..., ais) of B whose coordinates corresponding to pk are greater or
equal to bk, 2 , then the subspace spanned by these vectors has dimension
less than the original space spanned by all the vectors (1, ai, l+1 , ai, l+2 ,
ai, l+3, ..., ais).
Let Lk, 1 be the set of vectors in B in which the coordinate corresponding
to the prime pk is smaller than bk, 2 . For each vector in Lk, 1 the coordinate
corresponding to the prime pk is at most bk, 1+(s&l )(log M+
log(s&l ))log pk . Why?
Let us take all the vectors in B that do not belong to Lk, 1 . Any vector
from B that has bk, 1 as the coordinate corresponding to the prime pk cannot
be represented as a linear combination of vectors from this set because the
lowest coordinates corresponding to prime pk in a linear combination can
be at most (s&l )(log M+log(s&l ))log pk apart.
Define bk, 3 to be the lowest coordinate in B&Lk, 1 corresponding to prime
pk , such that if we look at all the vectors (1, ai, l+1 , ai, l+2 , ai, l+3 , ..., ais) of
B&Lk, 1 whose coordinates corresponding to pk are greater or equal to bk, 3 ,
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then the subspace spanned by these vectors has dimensional less than the
original space spanned by all the vectors (1, ai, l+1 , ai, l+2, ai, l+3 , ..., ais) in
B&Lk, 1 .
Let us call by Lk, 2 the set of vectors in B&Lk, 1 in which the coordinate
corresponding to the prime pk is less than bk, 3 . By the same reasoning as
above for the set Lk, 1 , we have that for each vector in Lk, 2 the coordinate
corresponding to the prime pk is at most bk, 2+(s&l )(log M+log(s&l ))
log pk .
Further, by a similar reasoning as above we know that the vectors in B
that do not belong to Lk, 1 or Lk, 2 span at most a subspace of dimension
s&l&1.
As above we define bk, 4 , Lk, 3 and so on until we have found our last
b-value, which is possibly bk, s&l+1. The set Lk, s&l+1 can be at most
1-dimensional, and so contains at most the one vector corresponding to the
bk, s&l+1 value. This is because if (1, a1 , a2 , a3 , ..., as) belongs to B then no
multiple of it can belong to B.
These same calculations can now be done for the coordinates corre-
sponding to primes pk , where k=l+1, l+2, ..., s.
L1, 1 L1, 2 L1, 3 } } } L1, s&l Ls&l+1
p1 
L2, 1 L2,2 L2, 3 } } } L2, s&l L2, s&l+1
p2 ww
} } }
Ll+1, 1 Ll+1, 2 } } } Ll+1, s&r+l Ll+1, s&r+l+1
pl+1 www
} } }
Ls, 1 Ls, 2 } } } Ls, r Ls, r+1
ps w
The above diagram illustrates a possible distribution of B. Here the
intervals where solutions might lie are marked with the corresponding Li, j .
Note that the last interval on each axis may contain only one element.
From the above calculations we can conclude that all vectors of B lie in
the boxes defined below.
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Definition 5. Let
B$=B(1, 1, ..., 1)=[(1, a1 , a2 , a3 , ..., as) # B,
ai&amin is(s&l ) log(sM)log pi for i=1, ..., l, (41)
ai&amin is(s&r+l ) log(sM)log pi for i=l+1, ..., r,
ai&amin isr log(sM)log pi for i=r+1, ..., s].
B(a1 , ..., as)=(B&B$) & \,
s
i=1
Li, ai+ if (a1 , ..., as){(1, ..., 1). (42)
We will show
Proposition 2. Each of the boxes B(a1 , ..., as)((a1 , ..., as){(1, ..., 1))
contains at most one element.
Proof of Proposition 2. Assume that one of the above mentioned boxes
contains two elements, let them be the m1 st and m2 nd augmented
solutions of equation (9). Since they belong to the same box we know that
[ |am1, i&am2, i |(s&l )(log M+log(s&l))log pi for i=1, ..., l,
|am 1&am2 |(s&r+l )(log M+log(s&r+l ))log pi for i=l+1, ..., r,
|am 1&am2 |r(log M+log r)log pi for i=r+1, ..., s]. (43)
Using the notation of Definition 2 we have
:;(um1 vm 2&um 2 vm1)=:#(um 1 wm2&um2 wm1)
=;#(wm1 vm2&wm 2 vm1). (44)
Since these two augmented solutions do not belong to B(1, 1, ..., 1)
we know that for one of the primes from S, for instance pk with
k # [1, 2, ..., l], the corresponding exponents am1, k and am2, k are greater
than s(s&l ) log(sM)log pi . Since :, ; and # are not divisible by the primes
p1 , ..., ps we can see that
pmin[am 1, 1, a m 2 , 1]1 p
min[am 1 , 2, am 2 , 2]
2 } } } p
min[am 1 , s, am 2 , s]
S | (vm1 wm2&vm2 wm1).
(45)
But |vm1 wm2&vm 2wm 1 | is less than
pmax[am 1 , l+1, a m 2 , l+1]l+1 p
max[a m 1 , l+2, am 2 , l+2]
l+2 } } } p
max[am 1 , s, am 2 , s]
s . (46)
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So we have
pmin[am 1, k, a m2 , k]k <p
|a m 1 , l+1&am 2 , l+1|
l+1
p |a m 1 , l+2&am 2 , l+2|
l+2
} } } p |a m 1 , s&a m 2 , s|s .
(47)
Now we have
s(s&l ) log(sM)<(s&l ) s(log M+log s), (48)
which is a contradiction. Q.E.D
This proves Theorem 1.
Proof of Theorem 2. Let us assume that (s&l )=min(s&l, s&r+l, r).
In fact the proof of Proposition 2 above is the key to proving Theorem 2.
We just need to look at the proof more carefully. Let us count the solutions
outside the box B".
Let us again look at the m1st and m2 nd augmented solutions of equation
(11). To arrive at the contradiction in (48) all we needed to know was that
in (47) all the coordinates corresponding to primes pl+1 , ..., ps were
pairwise in the same small intervals, and the coordinates corresponding to
prime pk were large enough (i.e., outside of the interval defined for the
prime pk in (41)). Let us now do some counting. There are l primes from
which to choose the prime pk corresponding to the u terms from. There are
at most s&r+l+1 small intervals corresponding for each of the primes
pl+1 , ..., pr , and at most r+1 small intervals corresponding for each of the
primes pr+1 , ..., ps . This gives us at most l(s&r+l+1)r&l (r+1)s&r
augmented solutions.
What about the augmented solutions where all the coordinates
corresponding to primes pk for k=1, ..., l were small (i.e., inside the interval
defined for the primes pk for k=1, ..., l in (41))? Again since the augmented
solutions are not in B" we know that at least one of the coordinates
corresponding to a prime pk for k=l+1, ..., s has to be large i.e.,
s3 log(sM)log pk . Suppose we have two such augmented solutions m1
and m2 where the coordinates corresponding to the same prime pk for
k=l+1, ..., s, say k=l+1, are large i.e. s3 log(sM)log pk and where the
coordinates corresponding to the primes pk for k=r+1, ..., s belong to the
same interval Lk, j for some j-values. Then as in proof of Proposition 2, we
have
pmin[a m 1 , l+1, am 2 , l+1]
<p |am 1 , 1&am 2 , 1|1 } } } p
|a m 1 , l&a m 2 , l |
l p
|am 1 , r+1&a m 2 , r+1|
r+1
} } } p |am 1 , s&a m 2 , s|s .
(49)
233SOLUTIONS OF S-UNIT EQUATIONS
File: 641J 204614 . By:CV . Date:06:02:97 . Time:11:12 LOP8M. V8.0. Page 01:01
Codes: 2443 Signs: 1502 . Length: 45 pic 0 pts, 190 mm
Now we have
s3 log(sM)<(s&l )(s&l ) s log(sM)+(s&r) r(log M+log r), (50)
which is a contradiction.
How many such augmented solutions can we have? If the prime with the
large coordinates was one of the primes pk for k=l+1, ..., r, then we could
choose the Lk, j intervals from (r+1)(s&r) choices. This gives us a total
of (r&l )(r+1)(s&r) choices. Correspondingly if the prime with the large
coordinates was one of the primes pk for k=r+1, ..., s, then we could
choose the Lk, j intervals from (s&r+l+1)(r&l ) choices. This gives us a
total of (s&r)(s&r+l+1)(r&l ) choices.
All together the above calculations give us at most
l(s&r+l+1)r&l (r+1)s&r+(r&l )(r+1)(s&r)
+(s&r)(s&r+l+1)(r&l )<ss&l+1 (51)
solutions. Q.E.D.
4. A SPECIAL EQUATION
Let s be an integer greater or equal to 3. Let p1 , p2 , p3 , ..., ps be s fixed
and distinct rational prime numbers. Let a1 , a2 , a3 , ..., as be variables; we
require that they are positive (>0) integers. Our task is to find an upper
bound for the number of solutions of
pa11 = p
a2
2 + p
a3
3 } } } p
as
s (52)
in (a1 , a2 , a3 , ..., as). We want this upper bound to be a function of s and
P, where P=max[ p1 , p2 , ..., ps]. It would be preferable to find an upper
bound as a function of s only, but, it cannot be accomplished by the
following methods. Instead we will find an upperbound that depends
strongly on s and more weakly on P.
Definition 6. Let us define the function log[n], for integers n=0,
1, 2, . . . recursively. Let x be a positive number
log[0] x=x, log[1] x=max[log x, 1],
log[n+1] x=max[log(log[n] x), 1]. (53)
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We will show that
Corollary 1. Equation (52) has at most
600s2 max[log s, 5]2+5ns2 (54)
solutions. Here n is the smallest positive integer such that log[n&2] N
max[60, s]. Here N=max[8000, s2, log P].
Notice that the following proof can be used unchanged to give the same
upperbound with slightly different constants for the slightly more general
equation
:pa11 =;p
a2
2 +#p
a3
3 } } } p
as
s , (55)
if :, ; and # are not divisible by any of the primes from the set S.
We will use the same notation as previously. Notice that l=1 and r=2.
From now on we assume that 2  S. If 2 # S we consider the solutions
where the prime 2 occurs to exponent greater than one as one set of
solutions and in the other set we absorb the prime 2 into the appropriate
constant. The calculations can be carried out for each set separately.
Let us next introduce the repetitive step that is the heart of our
calculations.
Proposition 3. Assume that 2  S. Let us look at all the solutions
(a1 , a2 , ..., as) of equation
:pa11 =;p
a2
2 +#p
a3
3 } } } p
as
s . (56)
Let amink=min[a1k , a2k , a3k , . . .], the smallest exponent of pk that occurs in
the solutions for k=1, 2, 3, ..., s. Let us now take a closer look at the
solutions (a1 , a2 , ..., as) of equation (56) which satisfy
aj&amin j<M for j=1, 2, ..., s. (57)
Let us assume that M>s.
Then there are at most 5s2 solutions in this set that do not satisfy all of
the following conditions:
aj&amin j<
5s log M
log pj
for j=1, 2,
(58)
aj&amin j<
10s log M
log pj
for j=3, 4, ..., s.
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If 2 # S we will study the set of solutions where the prime 2 occurs to
exponent 1 separately from all the other solutions. The above result holds
for each two sets separately.
Let L be the set of all augmented solutions (1, a1 , ..., as) of (56) that
satisfy (57) and moreover, if 2 # S, for which the coordinate corresponding
to the prime 2 is at least 2.
Let us divide the augmented solutions into sets Li, j as we did when we
proved the distribution theorem for the general case in Section 3.
Now we can conclude that all the augmented solutions of in L lie in
Amin={(1, a1 , a2 , ..., as) # L, ak&amin k<3 log(M)log pk for k=3, 4, ..., s= , (59)
or in one of the sets Lk, 2 or Lk, 3 for k=3, 4, ..., s. Notice that each of the
sets Lk, 3 for k=3, 4, ..., s contain at most one element.
Let us study the set L3, 2 more carefully. Let us study the exponents of
pk of the vectors in L3, 2 for any k # [3, 4, ..., s]. Take any three vectors
(1, ai1 , ai2 , ..., ais] from this set, and form a linear combination of the
corresponding truncated vectors (1, ai1 , ai2) as in equation (17). These
vectors span at most a 2-dimensional space, so three is enough. Assume
that this combination is minimal. Otherwise the following calculations will
give sharper bounds. Order these vectors so that a1ka2ka3k . Repeat the
calculation following equation (25). Now, as in (36), we conclude that
a2, k&a1, k<3 log Mlog pk . Let amin3, p k be the smallest exponent of pk in
L3, 2 . We will now proceed to analyze the augmented solutions in L3, 2 as
we did all the solutions before. Let us first divide the vectors of L3, 2
into two sets: A1, p 3 , pk=[(1, a1 , a2), ak&amin3, p k<3 log(M)log pk] and
A2, p3 , p k=[(1, a1 , a2), ak&amin3, p k3 log(M)log pk]. The vectors from
A2, p3 , p k span at most a 1-dimensional space, using the same argument we
used to show that L3, 2 is at most 2-dimensional. Notice therefore that each
of these sets A2, p3 , p k can contain at most one element.
We conclude that all augmented solutions L3, 2 lie in
Ap3 , min={(1, a1 , a2 , ..., as) # L3, 2 , ak&amin3, p k<3 log(M)log pk for k=3, 4, ..., s= ,
(60)
or in one of the sets Ap 3, pk=[(1, a1 , a2 , ..., as) # L3, 2 , (1, a1 , a2) #
A2, p3 , p k], for k=4, ..., s (which contain at most one element). Notice that
the set Ap 3 , p 3 is empty.
In the same manner we proceed to analyze the sets Lk, 2 for k=4, 5, ..., s.
236 MILJA POE
File: 641J 204617 . By:CV . Date:06:02:97 . Time:11:12 LOP8M. V8.0. Page 01:01
Codes: 2856 Signs: 1828 . Length: 45 pic 0 pts, 190 mm
Let us summarize what we have learned so far. All the vectors from L
belong to one of the following sets: Amin , Ap k , min , apk , pj or Lk, 3 , for
k=3, 4, ..., s and j=3, 4, ..., s. Also there are at most (s&2)2 solutions
altogether in the union of the sets Ap k , pj (k=3, ..., s, j=3, ..., s) and
Lk, 3(k=3, ..., s).
Now let us divide the augmented solutions L into boxes with respect the
coordinates corresponding to the first two primes p1 and p2 . Proceed as in
Section 3. We find that in each of the sets L1, k for k=1, 2, ..., s the
coordinates corresponding to the prime p1 are less than 5s log Mlog p1
apart. The same calculation holds for the sets L2, k for k=1, 2, ..., s.
Let us again summarize what we have learned so far. We know that
there are at most (s&2)2 augmented solutions in L which do not belong
to Amin or Apk , min for some k=3, 4, ..., s. All these augmented solutions
belong to L1, i for some i=1, 2, ..., s, and to L2, j for some j=1, 2, ..., s. Let
us now construct a new small ‘‘box,’’ which will contain most of the
augmented solution vectors.
Definition 7. Let
A={(a1 , a2 , ..., as) # L | ai&amin i<5s log Mlog pi for i=1, 2,
ai&amin i<
10s log M
log pi
for i=3, 4, ..., s= . (61)
Notice that this box is an inflated Amin & L1, 1 & L2, 1 .
Let us study how many vectors of L are not in A.
Proposition 4. The set Amin has at most 2s solutions that are not
contained in A.
Proof. Take two vectors, (a11 , a12 , ..., a1s) and (a21 , a22 , ..., a2s), from
Amin&A. Assume that a11 , a215s log Mlog p1 . We claim that they
cannot both belong to same set L2, k for k=1, ..., s. This will prove our
lemma, since for every vector from Amin&A either a1 or a2 is greater or
equal to 5s log Mlog p2 .
Assume the contrary, that we can find two such vectors. Then we have
u1 v2&u2v1=u1w2&u2w1=w1 v2&w2v1 . (62)
Now we can see that
pmin[a 11, a21]1 p
min[a12, a22]
2 } } } p
min[a1s, a 2s] | (v1w2&v2w1). (63)
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But
|v1 w2&v2w1 |<pmax[a13, a23]2 p
max[a13, a23]
3 } } } p
max[a1s, a2s]
s . (64)
So we have
pmin[a 11, a21]1 <p
|a12&a22 |
2 p
|a13&a 23 |
3 } } } p
|a1s&a2s |
s . (65)
Since both vectors belong to same set L2, k we have by taking logarithms
of the above equation and using s3,
5s log M<2s log M+(s&2) 3 log M<5s log M, (66)
which is a contradiction. Q.E.D.
Proposition 5. The set Ap k , min , where k=3, 4, ..., s has at most (4s+1)
solutions that are not contained in A.
Proof. We will show this for Ap3 , min&A. If (a1 , a2 , ..., as) # Ap 3 , min&A,
then, by using the definition of A, either
a1
5s log M
log p1
(67)
or
a2
5s log M
log p2
(68)
or
a3
10s log M
log p3
. (69)
Assume that we can find two vectors (a11 , a12 , ..., a1s) and (a21 , a22 , ..., a2s)
that satisfy equation (67). Assume that they both belong to the same L2, k
for some k=1, 2, ..., s. Then, as in the previous lemma’s proof,
pmin[a 11, a21]1 p
min[a12, a22]
2 } } } p
min[a1s, a 2s]
s | (v1w2&v2w1). (70)
But
|v1 w2&v2w1 |<pmax[a13, a23]2 p
max[a13, a23]
3 } } } p
max[a1s, a2s]
s . (71)
238 MILJA POE
File: 641J 204619 . By:CV . Date:06:02:97 . Time:11:12 LOP8M. V8.0. Page 01:01
Codes: 2430 Signs: 1353 . Length: 45 pic 0 pts, 190 mm
So we have
pmin[a 11, a21]1 <p
|a12&a22|
2 p
|a13&a 23|
3 } } } p
|a1s&a 2s|
s . (72)
Now we have by (60), (67), and (72),
5s log M<2s log M+(s&2) 3 log M<5s log M, (73)
which is a contradiction.
If equation (68) is assumed to be true, this case can be similarly resolved.
Now assume that we can find two vectors (a11 , a12 , ..., a1s) and (a21 ,
a22 , ..., a2s) that satisfy equation (69), but do not satisfy equations (67) or
(68). Then
pmin[a 13, a23]3 | (u1v2&u2v1). (74)
But
|u1 v2&u2v1 |<pmax[a 11, a21]1 p
max[a 12, a22]
2 . (75)
So we have
pmin[a 13, a23]3 <p
|a11&a21|
1 p
|a12&a 22 |
2 . (76)
Now we have
10s log M<5s log M+5s log M=10s log M, (77)
which is a contradiction.
Therefore in Ap3, min&A there are at most 4s+1 vectors from L. Q.E.D.
The same calculation can be carried out for p4 , p5 , ..., ps . Thus our result
gets multiplied by s&2.
By combining the previous Propositions 4 and 5, we find that there are
at most
(s&2)2+2s+(s&2)(4s+1)<5s2 (78)
vectors in L outside of A. This completes the proof of Proposition 3.
To apply Proposition 3, we need the result of Evertse, Gyo ry, Stewart,
and Tijdeman, that gives us a bound for the size of solutions of a more
general S-unit equation.
Theorem 3 (Evertse, Gyo ry, Stewart, and Tijdeman [Ev, G, S,
T]). Let p1 , p2 , p3 , ..., ps be distinct rational primes. Let :, ; and # be fixed
positive integers not divisible by any of the s previously fixed primes. Let
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x= pa11 p
a2
2 p
a3
3 } } } p
a l
l , y= p
al+1
l+1 p
al+2
l+2 } } } p
ar
r and z= p
ar+1
r+1 p
ar+2
r+2 } } } p
as
s , where
the a1 , a2 , ..., as are integers. If
:x+;y=#z (79)
then either equation (79) has at most s+2 solutions or
max( |x|, | y|, |z| )exp((C1s)C2s P4), (80)
where P=max( p1 , p2 , p3 , ..., ps).
If equation (52) has only s+2 solutions, we are done with the proof of
Corollary 1. Otherwise we know that if (a1 , a2 , ..., as) is a solution of
equation (52), then
ai2(C1s)C2 s P4, (81)
for i=1, 2, ..., s. Using explicit result by Gyo ry ([G], Lemma 6) we can get
a crude explicit bound
ai2P200s. (82)
Therefore we choose our first M in Proposition 3 to be M1=2P200s. After
applying Proposition 3 to this M1 we get: There are at most 5s2 solutions
of equation (45) that do not satisfy
aj&amin j<8000s
2 log P for j=1, 2, ..., s. (83)
Let M2=8000s2 log P. We get
Corollary 2. Let N=max[8000, s2, log P]. Let n2. If log[n&2] N
>max[60, s], equation (52) has at most 5ns2 solutions that do not satisfy
aj&amin j<60s log
[n&1] N for j=1, 2, ..., s. (84)
Proof. This is a direct corollary of Proposition 3. First apply
Proposition 3 with M2=M. Since M2<N3, the right-hand sides of (58)
are at most 20s log M2<60s log N. So proposition (3) can be reapplied
with M=60s log N. Further, we have 20s log(60s log N)<60s log log N, so
Proposition 3 can be reapplied with 60s log log N and so on. Note that
each time the condition M>s is satisfied. Q.E.D.
Now choose n to be the smallest integer such that
log[n&1] Nmax[60, s]. (85)
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By Proposition 3 we get
aj&amin j<60s max[60, s]. (86)
Reapply Proposition 3, using the bound in the above equation (86) as M.
Then we get a new bound for the smallest box:
aj&amin j<
15s max[log s, 5]
log pj
for j=1, 2, (87)
and
aj&cmin j<
30s max[log s, 5]
log pj
for j=3, 4, ..., s. (88)
Since in the solutions of equation (52), the exponents on p1 , p2 uniquely
determine the exponents on the other primes, there are at most
300s2(max[log s, 5])2 solutions that satisfy condition (87). Equation (52)
has at most 5(n+1) s2 solutions in addition to these. This concludes the
proof of Corollary 1.
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